Abstract. We study Muirhead-type generalizations of families of inequalities due to Newton, Maclaurin and others. Each family is defined in terms of a commonly used basis of the ring of symmetric functions in n variables. Inequalities corresponding to elementary symmetric functions and power sum symmetric functions are characterized by the same simple poset which generalizes the majorization order. Some analogous results are also obtained for the Schur, homogeneous, and monomial cases.
Introduction
Commonly used bases for the vector space Λ r n of homogeneous of degree r symmetric functions in n variables x = (x 1 , . . . , x n ) are the monomial symmetric functions {m λ (x) | λ ⊢ r}, elementary symmetric functions {e λ (x) | λ ⊢ r}, (complete) homogeneous symmetric functions {h λ (x) | λ ⊢ r}, power sum symmetric functions {p λ (x) | λ ⊢ r}, and Schur functions {s λ (x) | λ ⊢ r}. (See [Sta99, Ch. 7] for definitions.) When r = 0 we adopt the conventions m 0 (x) = e 0 (x) = h 0 (x) = s 0 (x) = 1 and p 0 (x) = n.
To each element g λ (x) of these bases, we will associate a term-normalized symmetric function G λ (x) and a mean G λ (x) by (1.1)
Note that {G λ (x) | λ ⊢ r} forms a basis of Λ r n , and that the functions {G λ (x) | λ ⊢ r}, while symmetric, are not polynomials in x and therefore do not belong to the ring of symmetric functions Λ n . In the definition of G λ (x), we assume r > 0.
The term symmetric mean is often used to describe a function G(x) : R n ≥0 → R ≥0 which is symmetric in x 1 , . . . , x n and which for all a, b ∈ R n ≥0 , c ∈ R ≥0 satisfies (1) min(a) ≤ G(a) ≤ max(a), (2) a ≤ b (componentwise) implies G(a) ≤ G(b), (3) lim b→0 G(a + b) = G(a). (4) G(ca) = cG(a).
(See, e.g., [Bul03, p. 62] .) For fixed n and two means F, G, we will write
The study of inequalities in symmetric means has quite a long history. (See, e.g., [Bul03] , [HLP34] .) Perhaps the best known such inequality is that of the arithmetic and geometric means,
Other symmetric function inequalities which may be stated in terms of means are due to
if and only if µ majorizes λ, equivalently,
if and only if µ majorizes λ, 
It is easy to use the inequalities of Newton, Gantmacher, and Schur to derive the inequalities of Maclaurin, Schlömilch, and Popoviciu, respectively. Furthermore, we will show in Section 4 that Muirhead's inequalities imply those of Newton and Gantmacher. Note that the term-normalized symmetric functions and mean which we have associated to a symmetric function in (1.1) are defined only for a finite number n of variables. Nevertheless, we may essentially eliminate dependence upon n from the inequalities enumerated above by considering them to be inequalities in sequences of functions,
More generally, we will define partial orders on such sequences by declaring F ≤ G if we have F (x) ≤ G(x) for all n > 0, and F ≤ G if we have F(x) ≤ G(x) for all n > 0. The principal goal of this paper is to characterize the infinite partial orders on the sequences {G λ | λ ⊢ 1, 2, . . . } corresponding to the common bases of the ring of symmetric functions.
Note that Muirhead's inequalities are indexed by pairs of arbitrary partitions of a fixed integer, while other inequalities are indexed by one-or two-part partitions, not necessarily of a fixed integer. Using the common bases of Λ r n , we will state and prove inequalities in pairs (G λ , G µ ) of means for which λ and µ are arbitrary and do not necessarily partition the same integer. We consider elementary means and power sum means in Sections 2-3, and other means and inequalities in Section 4.
Elementary Means
Generalizing Maclaurin's and Newton's inequalities are inequalities of the form E λ ≤ E µ , which we characterize in Theorem 2.3 in terms of sequence majorization. Let α = (α 1 , α 2 , . . . ) be a weakly decreasing nonnegative sequence. If the components of α are integers (respectively, rationals) which sum to r, we say that α is an integer partition (respectively, a rational partition) of r and write α ⊢ r or |α| = r.
Given two sequences α, β, with |α| = |β| < ∞, we write α β and say that β majorizes α if for each index i the corresponding initial partial sums satisfy
(If necessary, append zeros to the end of either sequence so that the partial sums are defined.) For c ∈ R ≥0 , d ∈ N, we define operations of scalar multiplication α → cα, and repetition α → α d by
Given an integer partition λ = (λ 1 , λ 2 , . . . ), we will define the transpose partition
The following facts are either well-known or easy to see.
Observation 2.1. Let λ, µ be integer partitions with |λ| = |µ|, let c be a positive real number, and let d be a positive integer.
(1) (λ
and the corresponding elementary mean is the rth root of this, E λ (x) = r E λ (x). Since λ d is a partition of dr, we have the following stability property of elementary means under the repetition operation.
Observation 2.2. For any partition λ and integer d ≥ 1 we have
The following theorem shows that inequalities of the form E λ ≤ E µ are characterized by the majorization order on rational partitions of 1.
Theorem 2.3. Given integer partitions λ and µ, we have
Proof. First let us consider the case that |λ| = |µ|. This case, asserting the equivalence of E λ ≤ E µ and λ 
Choosing a number n ≥ max(λ 1 , µ 1 ) and specializing the symmetric functions E λ (x), E µ (x) at
, or equivalently that λ µ, and write λ = (λ 1 , . . . , λ ℓ ). If λ covers µ in the majorization order, then there exist indices 1 ≤ j < k ≤ ℓ for which we have
Rewriting Newton's inequalities as
in which each comparison of consecutive partitions is a covering relation, such that we have
and consequently E λ ≤ E µ . Now consider the case that |λ| and |µ| are not equal. By Observation 2.2, we have
Since λ |µ| and µ |λ| are both partitions of |λ| · |µ|, we have E λ ≤ E µ if and only if (λ |µ| )
. By Observation 2.1 this is equivalent to the condition
From Theorem 2.3, we see that the poset describing inequalities E λ ≤ E µ of elementary means is isomorphic to the dual of the majorization order on rational partitions of 1. For all r ≥ 1, this poset contains the (dual of the) majorization order on partitions of r. Figure 1 shows the restriction of this poset to elementary means E λ corresponding to integer partitions of 1, . . . , 6. Note that some integer partitions do not appear in this poset because of the equalities implied by Observation 2.2. Partitions of integers dividing 6 have been emphasized to show the embedding in this poset of the dual of the majorization order on partitions of 6.
From Theorem 2.3, we see that this poset is not finitary: between any two partitions, there must be another. In particular, if |λ| = |µ| = r and λ is covered by µ in the majorization order on partitions of r, then λ 2 is not covered by µ 2 in the majorization order of parititions of 2r. Define the semiring N to be the set of all nonnegative linear combinations of products of symmetric functions of the forms
The proof of Theorem 2.3 shows that each difference E λ − E µ with µ majorizing λ belongs to N.
Power Sum Means
We now generalize Schlömilch's and Gantmacher's inequalities by characterizing inequalities of the form P λ ≤ P µ . Note that for λ = (λ 1 , . . . , λ ℓ ) ⊢ r, the term-normalized power sum symmetric function P λ (x) is given by
n ℓ , and the corresponding power sum mean is the rth root of this, P λ (x) = r P λ (x). Like the elementary basis {e λ (x) | λ ⊢ r} of Λ r n , the power sum basis {p λ (x) | λ ⊢ r} is multiplicative. We therefore have the following equalities. To prove a power sum analog of Theorem 2.3, we whall use the following alternative characterization of the majorization order on integer partitions.
Lemma 3.2. Given a partition λ = (λ 1 , . . . , λ ℓ ), define a function ψ λ : N → N by
Then for two partitions λ, µ ⊢ r, we have that λ µ if and only if ψ λ (u) ≤ ψ λ (u) for u = 0, . . . , r.
Proof. Note that ψ λ (u) is equal to the number of boxes in columns u + 1, . . . , r of the Young diagram of λ,
. Thus the condition ψ λ (u) ≤ ψ µ (u) for u = 0, . . . , r is equivalent to the condition λ ⊤ µ ⊤ , which in turn is equivalent to λ µ.
The following result shows that inequalities of the form P λ ≤ P µ , are characterized by the majorization order on of rational partitions of 1. In fact, we have P λ ≤ P µ if and only if we have E λ ≥ E µ .
Theorem 3.3. Given integer partitions λ and µ, we have
Proof. Let λ = (λ 1 , . . . , λ m ℓ), µ = (µ 1 , . . . , µ m ). Let us first consider the case that |λ| = |µ|. In this case the theorem asserts the equivalence of P λ ≤ P µ and λ µ.
(⇒) Suppose that λ µ. Using Lemma 3.2, choose an index j such that ψ λ (j) > ψ µ (j), and consider the functions φ λ (t), φ µ (t) defined by φ λ (t) = P λ (t, 1, . . . , 1
These are polynomials in t of degrees ψ λ (j) and ψ µ (j), respectively. Thus we have
which implies P λ P µ .
(⇐) Suppose that λ µ. Then we proceed as in the proof of Theorem 2.3 with Gantmacher's inequalities replacing those of Newton and conclude that P λ ≤ P µ .
In the case that λ and µ are not equal, we again proceed as in the proof of Theorem 2.3. Applying Observation 3.1, we see that
Thus we have P λ ≤ P µ if and only if λ |µ| µ |λ| , or equivalently, if and only if
The similarity of Theorems 2.3 and 3.3 is somewhat curious. Apparently we have that P λ ≤ P µ if and only if E λ ≥ E µ . Thus the poset of power sum means is dual to the poset of elementary means.
Define the semiring G to be the set of all nonnegative linear combinations of products of symmetric functions of the forms
The proof of Theorem 3.3 shows that each difference P µ (x) − P λ (x) with µ majorizing λ belongs to G.
More Inequalities
The authors have obtained some results and have formulated some conjectures concerning characterization of inequalities of the forms S λ ≤ S µ , M λ ≤ M µ , H λ ≤ H µ , for λ and µ not necessarily partitions of the same integer.
Let us consider the generalization of Muirhead's inequalities which would characterize all inequalities of the form M λ ≤ M µ . Note that a formula for the term-normalized monomial symmetric function is given by
where α j is equal to the number of parts of λ which are equal to j. Unlike the elementary and power sum bases, the monomial basis {m λ (x) | λ ⊢ r} of Λ r n , is not multiplicative. Nevertheless, rational partitions of 1 seem to characterize monomial means as follows. It is well-known that Muirhead's inequalities imply many other inequalities. For instance, a straightforward computation shows that Gantmacher's inqualities are essentially special cases of those of Muirhead,
A lengthier computation shows that one can obtain Newton's inequalities by adding various inequalities of Muirhead.
Theorem 4.2. We have
where
Thus by the comments at the ends of Sections 2 and 3, the inequalities in these sections can be derived from those of Muirhead. It would therefore be interesting to express homogeneous and Schur differences H λ (x)−H µ (x) and S λ (x)−S µ (x) as nonnegative linear combinations of Muirhead differences M λ (x)−M µ (x). The authors have obtained partial results suggesting that this is possible in many cases.
Generalizing all of the inequalities considered so far are those of the form F ≤ G, where the means are constructed from homogeneous elements f (x) ∈ Λ k and g(x) ∈ Λ ℓ which need not be commonly used basis elements of these spaces, It would be interesting to characterize these inequalities in terms of the coordinate sequences (c κ ) κ⊢k . By the homogeneity of means, it would be sufficient to restrict one's attention to coordinate sequences which sum to 1. To ensure that the means are well defined, one would have to require that the symmetric functions F (x) and G(x) evaluate nonnegatively on all nonnegative vectors (of finite support). This condition does not imply F and G to be monomial nonnegative, or even to be nonnegative linear combinations of Muirhead differences. This suggests the following question. 
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